Sharp eigenvalue estimates and related rigidity theorems by Du, Feng et al.
ar
X
iv
:2
00
3.
13
23
1v
1 
 [m
ath
.D
G]
  3
0 M
ar 
20
20
Sharp eigenvalue estimates and related rigidity theorems
Feng Du†, Jing Mao‡,∗, Yan Zhao‡
†School of Mathematics and Physics Science,
Jingchu University of Technology, Jingmen, 448000, China
‡Faculty of Mathematics and Statistics,
Key Laboratory of Applied Mathematics of Hubei Province,
Hubei University, Wuhan 430062, China
Emails: defengdu123@163.com (F. Du), jiner120@163.com (J. Mao).
Abstract
In this paper, sharp bounds for the first nonzero eigenvalues of different type have been
obtained. Moreover, when those bounds are achieved, related rigidities can be characterized.
More precisely, first, by applying the Bishop-type volume comparison proven in [8, 11] and
the Escobar-type eigenvalue comparisons for the first nonzero Steklov eigenvalue of the Lapla-
cian proven in [22], for manifolds with radial sectional curvature upper bound, under suitable
preconditions, we can show that the first nonzero Wentzell eigenvalue of the geodesic ball on
these manifolds can be bounded from above by that of the geodesic ball with the same ra-
dius in the model space (i.e., spherically symmetric manifolds) determined by the curvature
bound. Besides, this upper bound for the first nonzero Wentzell eigenvalue can be achieved
if and only if these two geodesic balls are isometric with each other. This conclusion can be
seen as an extension of eigenvalue comparisons in [7, 22]. Second, we prove a general Reilly
formula for the drifting Laplacian, and then use the formula to give a sharp lower bound for
the first nonzero Steklov eigenvalue of the drifting Laplacian on compact smooth metric mea-
sure spaces with boundary and convex potential function. Besides, this lower bound can be
achieved only for the Euclidean ball of the prescribed radius. This conclusion gives a partial
answer to the famous Escobar’s conjecture proposed in [6].
1 Introduction
Throughout this paper, assume that (M,g) is an n-dimensional (n≥ 2) complete Riemannian man-
ifold with the metric g. Let Ω ⊆ M be a compact domain with piecewise smooth boundary ∂Ω.
Denote by ∆ and ∆ the Laplace-Beltrami operators on Ω and ∂Ω, respectively. Consider the eigen-
value problem with the Wentzell boundary condition as follows{
∆u= 0 in Ω,
−β∆u+ ∂u
∂~η
= τu on ∂Ω,
(1.1)
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where ~η is the outward unit normal vector of the boundary ∂Ω, and β is a given real number.
The boundary value problem (1.1) is called the Wentzell eigenvalue problem of the Laplacian. It is
known that for β ≥ 0, the eigenvalue problem (1.1) only has the discrete spectrum and its elements,
called eigenvalues, can be listed non-decreasingly as follows
0= τ0(Ω)< τ1(Ω)≤ τ2(Ω)≤ τ3(Ω)≤ ·· · ↑ ∞.
Besides, by the variational principle, it is not hard to know that the first non-zero eigenvalue τ1(Ω)
of (1.1) can be characterized as follows
τ1(Ω) =min
{∫
Ω |∇u|
2dv+β
∫
∂Ω |∇u|
2dA∫
∂Ω u
2dA
∣∣∣∣∣u ∈W 1,2(Ω),u 6= 0,
∫
∂Ω
udA= 0
}
, (1.2)
where ∇, ∇ are the gradient operators on Ω and ∂Ω, respectively, andW 1,2(Ω) is the completion
of the set of smooth functions C∞(Ω) under the Sobolev norm ‖u‖21,2 =
∫
Ω u
2dv+
∫
∂Ω |∇u|
2dA.
Here, dv, dA are volume elements of the domain Ω and its boundary ∂Ω, respectively. This usage
of notations for volume elements of a domain and its boundary would be used in the sequel also.
For the eigenvalue problem (1.1), there are some interesting estimates for eigenvalues τi recently –
see, e.g., [2, 3, 4, 21]. Besides, if the Laplace operators ∆, ∆ were replaced by their weighted ver-
sions, then (1.1) would become exactly the Wentzell eigenvalue problem of the weighted Laplacian
(1.15) considered in [22], where we can give sharp lower and upper bounds for the first nonzero
eigenvalue provided suitable constraints imposed for the weighted Ricci curvature, the weighted
mean curvature and the second fundamental forms – see [22, Theorems 4.1 and 4.2] for details.
Clearly, when β = 0, the eigenvalue problem (1.1) degenerates into the following classical
Steklov eigenvalue problem {
∆u= 0 in Ω,
∂u
∂~η
= pu on ∂Ω,
(1.3)
which only has the discrete spectrum and all the eigenvalues can be listed non-decreasingly as
follows
0= p0(Ω)< p1(Ω)≤ p2(Ω)≤ p3(Ω)≤ ·· · ↑ ∞.
Besides, the first nonzero Steklov eigenvalue can be characterized as follows
p1(Ω) =min
{∫
Ω |∇u|
2dv∫
∂Ω u
2dA
∣∣∣∣∣u ∈W 1,2(Ω),u 6= 0,
∫
∂Ω
udA= 0
}
. (1.4)
By (1.4), one can easily get the Sobolev trace inequality, which makes an important role in the
study of existence and regularity of solutions of some boundary value problems, as follows∫
∂Ω
|u−u0|
2dA≤
1
p1(Ω)
∫
Ω
u2dv,
where u0 is the mean value of the function u when restricted to the boundary.
By (1.2) and (1.4), it is not hard to get the fact:
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• Fact 1. For β > 0, one has
τ1(Ω)≥ βλ
c
1 (∂Ω)+ p1(Ω),
where λ c1 (∂Ω) denotes the first nonzero closed eigenvalue of the Laplacian on the boundary
∂Ω. Moreover, the equality can be obtained if and only if any eigenfunction u of τ1(Ω) is
also the eigenfunction corresponding to p1(Ω) and u|∂Ω is the eigenfunction corresponding
to λ c1 (∂Ω) on ∂Ω.
Combining the Bishop-type volume comparison (see [8, Theorem 4.2] or [11, Theorem 2.3.2]) with
the Escobar-type eigenvalue comparisons for the first nonzero Steklov eigenvalue of the Laplacian
(see [22, Theorems 1.5 and 1.6]), we can get a comparison for the first nonzeroWentzell eigenvalue
τ1 of the Laplacian on complete manifolds with radial sectional curvature bounded from above –
see Theorem 2.1 for the precise statement.
Define the shape operator S of ∂Ω as S(X) = ∇X~η , and then the second fundamental form
of ∂Ω is defined as II(X ,Y) = 〈S(X),Y〉, where X ,Y ∈ T∂Ω with T∂Ω the tangent bundle of Ω.
The eigenvalues of S are called the principal curvatures of ∂Ω and the mean curvature H of ∂Ω is
given by H = 1
n−1 trS, where trS denotes the trace of S. In [17], for a given smooth function f on
Ω, Reilly proved the following celebrated formula∫
Ω
(
(∆ f )2−|∇2 f |2−Ric(∇ f ,∇ f )
)
dv=
∫
∂Ω
(
(n−1)Hu2+2u∆z+ II(∇z,∇z)
)
dA, (1.5)
where u = ∂ f
∂~η
|∂Ω, z = f |∂Ω, ∇
2 f is the Hessian of f , and Ric(·, ·) denotes the Ricci curvature on
Ω. Reilly’s formula is a useful tool for eigenvalue estimates. For instance, Reilly [17] used the
formula to prove a Lichnerowicz type sharp lower bound for the first eigenvalue of the Laplacian
on manifolds with boundary. By applying (1.5), Escobar [5], Wang-Xia [18] successfully gave
some estimates for the first non-zero Steklov eigenvalue of the Laplacian, respectively. Qiu and
Xia [16] extended Reilly’s formula to the following version:∫
Ω
V
(
(∆ f +Kn f )2−|∇2 f +K fg|2
)
dv
=
∫
∂Ω
V
(
2u∆z+(n−1)Hu2+ II(∇z,∇z)+(2n−2)Kuz
)
dA
+
∫
∂Ω
∂V
∂~η
(
|∇z|2− (n−1)Kz2
)
dA+
∫
Ω
(n−1)
(
K∆V +nK2V
)
f 2dv
+
∫
Ω
(
∇2V −∆Vg− (2n−2)KVg+VRic
)
(∇ f ,∇ f )dv, (1.6)
where K ∈ R, V : Ω →R is a given a.e. twice differentiable function, and other notations have the
same meaning as before. Recently, by applying this generalized Reilly’s formula (1.6), under the
non-negative sectional curvature assumption, Xia and Xiong [20] can obtain a sharp lower bound
estimate for the first non-zero Steklov eigenvalue of the Laplacian, which gives a partial answer to
the following Escobar’s conjecture:
• (see [6]) Let (Nn, g˜) be a compact Riemannian manifold with boundary and dimension n≥ 3.
Assume that Ric(g˜) ≥ 0 and that the second fundamental form II satisfies II ≥ cI on ∂N,
c> 0. Then
p1(N
n)≥ c,
F. Du, J. Mao, Y. Zhao 4
and the equality holds only for the Euclidean ball of radius 1
c
.
For a given complete n-dimensional Riemannian manifold (M,g), the triple (M,g,e−φdv) is
called a smooth metric measure space (SMMS for short), where φ is a smooth real-valued function
on M. We call dvφ := e
−φdv the weighted volume density (also called the weighted Riemannian
density). On a SMMS (M,g,e−φdv), we can define the so-called drifting Laplacian (also called
weighted Laplacian) Lφ as follows
Lφ := ∆−g(∇φ ,∇),
where, as before, ∇ and ∆ are the gradient operator and the Laplace operator on M, respectively.
Ma and Du gave a Reilly-type formula for the weighted Laplacian (see [10, Theorem 1]). In fact,
for f ∈C∞(Ω), they have proven the following Reilly-type formula∫
Ω
(
(Lφ f )
2−|∇2 f |2−Ricφ (∇ f ,∇ f )
)
dvφ =∫
∂Ω
(
(n−1)Hφu2+2uLφ z+ II(∇z,∇z)
)
dAφ , (1.7)
where Hφ = H+ 1
n−1
∂φ
∂~η
denotes the φ -mean curvature1 (also called the weighted mean curvature,
see, e.g., [19] for this notion), Ricφ := Ric+∇(∇φ) denotes the Bakry-E´mery Ricci tensor of M,
dAφ := e
−φdA is the induced Riemannian density of of the boundary, and other notations have
the same meaning as before. Clearly, if φ = const. is a constant function, then (1.7) becomes
the classical Reilly formula (1.5). By using (1.7), Ma and Du successfully gave estimates for
eigenvalues of the drifting Laplacian - see [10, Theorems 2 and 3] for details.
We can prove the following Reilly-type formula for the drifting Laplacian.
Theorem 1.1. Let V : Ω → R be a a.e. twice differential function, where Ω is a bounded domain
with piecewise smooth boundary ∂Ω on an n-dimensional SMMS (M,g,e−φdv), n ≥ 2. Given a
smooth function f on Ω, we have∫
Ω
V
((
Lφ f +Kn f
)2
−|∇2 f +K fg|2+2K f 〈∇ f ,∇φ〉
)
dvφ
=
∫
∂Ω
V
(
2uLφ z+(n−1)H
φu2+ II(∇z,∇z)+(2n−2)Kuz
)
dAφ
+
∫
∂Ω
∂V
∂~η
(
|∇z|2− (n−1)Kz2
)
dAφ +
∫
Ω
(n−1)
(
KLφV +nK
2V
)
f 2dvφ
+
∫
Ω
(
∇2V −LφVg− (2n−2)KVg+VRic
φ
)
(∇ f ,∇ f )dvφ , (1.8)
where same notations have the same meaning as those in (1.5), (1.6) and (1.7).
Remark 1.2. Clearly, if φ = const., our Reilly-type formula (1.8) degenerates into (1.6); if V ≡ 1
and K = 0, (1.8) becomes (1.7); ifV ≡ 1, K = 0 and φ = const., our formula (1.8) degenerates into
the classical Reilly’s formula (1.5).
1 Readers might find that the second term 1
n−1
∂φ
∂~η
of the φ -mean curvature has different forms in literatures (for
instance, − 1
n−1
∂φ
∂~η
,
∂φ
∂~η
, etc), but actually they have no essential difference.
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Consider the Steklov eigenvalue problem of the drifting Laplacian on an n-dimensional (n≥ 2)
SMMS (M,g,e−φdv) as follows{
Lφu= 0 in Ω,
∂u
∂~η
= σu on ∂Ω,
(1.9)
where notations have the same meaning as before. It is easy to know that (1.9) has the discrete
spectrum and all the eigenvalues can be listed non-decreasingly as follows
0= σ0(Ω)< σ1(Ω)≤ σ2(Ω)≤ σ3(Ω)≤ ·· · ↑ ∞.
Besides, the first nonzero Steklov eigenvalue σ1(Ω) of Lφ can be characterized as follows
σ1(Ω) =min
{∫
Ω |∇u|
2dvφ∫
∂Ω u
2dAφ
∣∣∣∣∣u ∈ W˜ 1,2(Ω),u 6= 0,
∫
∂Ω
udAφ = 0
}
, (1.10)
W˜ 1,2(Ω) is the completion of the set of smooth functionsC∞(Ω) under the weighted Sobolev norm
‖˜u‖
2
1,2 =
∫
Ω u
2dvφ +
∫
∂Ω |∇u|
2dAφ . Applying the Reilly-type formula (1.8), we can give a sharp
lower bound for the first nonzero Steklov eigenvalue σ1(·) of the drifting Laplacian as follows.
Theorem 1.3. Assume the potential function φ of the n-dimensional (n≥ 2) SMMS (M,g,e−φdv)
is convex. For the eigenvalue problem (1.9), if the sectional curvature of Ω ⊂ M is nonnegative
(i.e., Sec(Ω)≥ 0) and the principal curvatures of ∂Ω are bounded below by a constant c> 0, then
we have
σ1(Ω)≥ c, (1.11)
with equality holding if and only if Ω is isometric to an n-dimensional Euclidean ball of radius 1
c
and ∇2φ = 0.
Remark 1.4. (1) Clearly, if φ = const., then the estimate (1.11) degenerates into p1(Ω) ≥ c and
the rigidity also holds. This assertion is exactly the statement of [20, Theorem 1] and, of course,
gives a partial answer to the Escobar’s conjecture mentioned before. That is to say, our Theorem
1.3 covers [20, Theorem 1] as a special case.
(2) In fact, if Ricφ ≥ 0, the principal curvatures of ∂Ω are bounded below by a constant c> 0 and
Hφ > c, for the eigenvalue problem (1.9) by applying (1.7), one can obtain
0≥
∫
Ω
(
(Lφ f )
2−|∇2 f |2−Ricφ (∇ f ,∇ f )
)
dvφ
=
∫
∂Ω
(
(n−1)Hφu2+2uLφ z+ II(∇z,∇z)
)
dAφ
>
∫
∂Ω
[
−2g(∇u,∇z)+ c ·g(∇z,∇z)
]
dAφ
=
∫
∂Ω
[
−2σ1(Ω) ·g(∇z,∇z)+ c ·g(∇z,∇z)
]
dAφ ,
which implies
σ1(Ω)>
c
2
. (1.12)
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Clearly, if φ = const., the estimate (1.12) degenerates into p1(Ω)> c/2, which is exactly Escobar’s
estimate given in [5, Theorem 8] for the case n≥ 3. Besides, if φ = const., then Ricφ =Ric and the
assumption II > cI implies Hφ > c directly. This is because, in this situation, Hφ = H = trII
n−1 > c.
In this sense, our estimate (1.12) here covers Escobar’s conclusion [5, Theorem 8] as a special case
and gives a partial answer to Escobar’s conjecture.
(3) It is easy to find that our estimate (1.12) here is covered by the lower bound estimate for the
first nonzero eigenvalue of the Wentzell eigenvalue problem of the drifting Laplacian given in [22,
Theorem 4.2]. In fact, one only needs to choose β = 0 in the estimate (4.4) of [22, Theorem 4.2],
and then our estimate (1.12) follows directly. The reason why we do not list our previous result
[22, Theorem 4.2] directly is that we would like to show the application of the Reilly-type formula
of the drifting Laplacian (1.7) intuitively.
2 The Escobar-type eigenvalue comparison for the first nonzero
Wentzell eigenvalue of the Laplacian
By using the test function constructed in the proof of [22, Theorem 1.6], we can prove:
Theorem 2.1. Assume that (M,g) is an n-dimensional complete Riemannian manifold having a
radial sectional curvature upper bound k(t) w.r.t. p, where t := d(p, ·) denotes the distance to the
point p ∈M, and k(t) is a continuous function w.r.t. t. For the Wentzell eigenvalue problem (1.1),
we have:
• If n= 2,3, then
τ1(B(p,r))≤ τ1(B(p
+,r)), (2.13)
where r<min{inj(p), l} with inj(p) the injectivity radius at p, and B(p+,r) is the geodesic
ball, with center p+ and radius r, of the spherically symmetric manifold M+ = [0, l)× f S
n−1
with the base point p+ and the warping function f determined by
f ′′(t)+ k(t) f (t)= 0 on (0, l),
f ′(0) = 1, f (0) = 0,
f |(0,l) > 0.
(2.14)
Equality in (2.13) holds if and only if B(p,r) is isometric to B(p+,r).
• If n≥ 4 and furthermore the first non-zero closed eigenvalues of the Laplacian on the bound-
ary satisfy
λ c1 (∂B(p,r))≤ λ
c
1 (∂B(p
+,r)), (2.15)
then the same conclusion as in the lower dimensional cases n = 2 and n = 3 can also be
obtained.
Proof. Let ψ(t) be the function satisfying the differential equation{
1
f n−1(t)
d
dt
(
f n−1(t) d
dt
ψ(t)
)
− (n−1)ψ(t)
f 2(t)
= 0 in (0, l),
ψ ′(r) = p1(B(p
+,r))ψ(r), ψ(0) = 0,
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where p1(B(p
+,r)) is the eigenfunction of the first non-zero Steklov eigenvalue of the Laplacian
on B(p+,r). As shown in the proof of [22, Theorem 1.6], we know that ψ(t) does not change
sign on (0,r). Without loss of generality, one can assume ψ(t) > 0 on (0,r), and then ψ ′(t) > 0
on (0,r) since
ψ ′(t) =
n−1
f n−1(t)
∫ t
0
ψ(s) f n−3(s)ds,
where f is the solution to (2.14). Construct the test function ϕ(t,ξ ) = a+(t)e1(ξ ), where e1(ξ )
is the eigenfunction of the first non-zero closed eigenvalue λ c1 (∂B(p,r)) of the Laplacian on the
boundary ∂B(p,r), and
a+(t) :=min{a(t),0},
a(t) := ψ(t)
[
f n−1(t)
h(t)
]1/2
+
∫ r
t
ψ(s)
([
f n−1(s)
h(s)
]1/2)′
ds
with h(t) :=max
{
d∗(t),
f 2(t)
n−1 d
♯(t)
}
and
d∗(t) =
∫
Sn−1
|∇e1|
2
Sn−1
(ξ )Jn−3(t,ξ )dσ ,
d♯(t) =
∫
Sn−1
e21(ξ ) ·detA(t,ξ )dσ =
∫
Sn−1
e21(ξ ) ·
√
|g|(t,ξ )dσ =
∫
Sn−1
e21(ξ )J
n−1(t,ξ )dσ .
Here dσ denotes the (n− 1)-dimensional volume element on Sn−1, A(t,ξ ) is the path of linear
transformations (see [22, Subsection 1.1] for the definition), and Jn−1 =
√
|g|= detA(t,ξ ) repre-
sents the square root of the determinant of the metric matrix. It is easy to check that h(t) is Lipschitz
continuous and hence differentiable almost everywhere, and moreover ϕ(t,ξ )∈W 1,2(B(p,r)). By
(1.2), together with (3.8) in [22], we can obtain
τ1(B(p,r)) ≤
∫
B(p,r) |∇ϕ|
2dv+β
∫
∂B(p,r) |∇ϕ|
2dA∫
∂B(p,r)ϕ
2dA
≤ p1(B(p
+,r))+β ·
∫
∂B(p,r) |a+(r)∇e1(ξ )|
2dA∫
∂B(p,r)(a+(r)e1(ξ ))
2dA
= p1(B(p
+,r))+βλ c1(B(p,r)). (2.16)
As shown in the proof of [22, Theorem 1.5], for n= 2,3, one has λ c1 (∂B(p,r))≤ λ
c
1 (∂B(p
+,r))
directly. Substituting this fact with the assumption (2.15), only for n≥ 4, into (2.16) yields
τ1(B(p,r)) ≤ p1(B(p
+,r))+βλ c1(B(p,r))
≤ p1(B(p
+,r))+βλ c1(∂B(p
+,r))
= τ1(B(p
+,r)). (2.17)
When τ1(B(p,r)) = τ1(B(p
+,r)), then from (2.16) and (2.17) we infer that
p1(B(p,r)) = p1(B(p
+,r)) and λ c1 (B(p,r)) = λ
c
1 (B(p
+,r))
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holds, which, by [22, Theorems 1.5 and 1.6], implies B(p,r) is isometric to B(p+,r). In fact, from
the proof of [22, Theorem 1.6], we know that p1(B(p,r)) = p1(B(p
+,r)) implies J(t,ξ ) = f (t)
on (0,r). Then the rigidity follows by applying the Bishop-type volume comparison theorem (see
[8, Theorem 4.2] or [11, Theorem 2.3.2]) directly.
Remark 2.2. (1) If one checks the above proof of carefully, then one would find that the eigenvalue
comparison here cannot be obtained by applying the Escobar-type eigenvalue comparisons for the
first nonzero Steklov eigenvalue of the Laplacian [22, Theorems 1.5 and 1.6] directly.
(2) The curvature assumption here is reasonable, since for a given complete Riemannian manifold
and a chosen point onside, one can always find a sharp upper bound (which is given by a continuous
function of the distance parameter) for the radial sectional curvature – see (2.10) in [8] for the
accurate expression.
(3) By Fact 1 and (2.16), we have
p1(B(p,r))+βλ
c
1(B(p,r))≤ τ1(B(p,r))≤ p1(B(p
+,r))+βλ c1(B(p,r)),
which implies p1(B(p,r)) ≤ p1(B(p
+,r)). This is exactly the main part of the Escobar-type
eigenvalue comparison shown in [22, Theorems 1.5 and 1.6]. Hence, as explained in [22, (3) of
Remark 1.7], the restraint on the injectivity radius is necessary.
(4) Clearly, by the Sturm-Picone separation theorem, if k(t) ≤ 0, then the initial value problem
(2.14) has the positive solution on (0,∞). More precisely, in this situation, l = ∞ and f (t)≥ t on
(0,∞). Except the non-positivity of assumption k(t), it is interesting to find other assumptions such
that (2.14) has a positive solution on (0,∞). This problem has close relation with the oscillation of
solutions to the ODE f ′′(t)+ k(t) f (t)= 0. There exist some nice results working on this problem
– see, e.g., Bianchini-Luciano-Marco [1], Hille [9] and Mao [11, Subsection 2.6] for nice sufficient
conditions on k(t) such that (2.14) has a positive solution on (0,∞).
(5) The corresponding author here has used spherically symmetric manifolds as the model space
to get some interesting (volume, eigenvalue, heat kernel) comparison conclusions – see [8, 11, 12,
13, 14, 15, 22] for details.
Naturally, we can propose:
Open problem. For n≥ 4, is the Escobar-type Wentzell eigenvalue inequality (2.13) also true
without the precondition (2.15)?
3 The Reilly-type formula and its application
In this section, we first give the proof of the Reilly-type formula (1.8), and then show an application
of this formula – the sharp lower bound estimate (1.11) with the related rigidity.
Some ideas of the following proof come from [10, 16].
Proof of the Theorem 1.1. Let fi, fi j, · · · and fη be covariant derivatives and the normal derivative
of a function f w.r.t. the metric g, respectively. Then we have ∇2 f = ∑ni, j=1 fi j fi j. Noticing
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Ricφ = Ric+∇2φ , we infer from the integration by parts and the Ricci identity that∫
Ω
V |∇2 f |2dvφ =
∫
Ω
V
n
∑
i, j=1
fi j fi je
−φdv
=
∫
∂Ω
V
n
∑
i=1
fiη fie
−φdA−
∫
Ω
n
∑
i, j=1
Vj fi j fie
−φdv−
∫
Ω
V
n
∑
i, j=1
fi j j fie
−φdv
+
∫
Ω
V
n
∑
i, j=1
fi j fiφ je
−φdv
=
∫
∂Ω
V
n
∑
i=1
fiη fie
−φdA−
∫
Ω
n
∑
j=1
Vj
(
1
2
|∇ f |2
)
j
e−φdv
−
∫
Ω
V
n
∑
i=1
(
(∆ f )i+
n
∑
j=1
Ri j f j
)
fie
−φdv+
∫
Ω
V
n
∑
i, j=1
fi j fiφ je
−φdv
=
∫
∂Ω
V
n
∑
i=1
fiη fie
−φdA−
∫
∂Ω
1
2
Vη |∇ f |
2e−φdA+
∫
Ω
n
∑
j=1
Vj j
1
2
|∇ f |2e−φdv
−
∫
Ω
n
∑
j=1
Vjφ j
1
2
|∇ f |2e−φdv−
∫
Ω
V
n
∑
i=1
((
Lφ f +
n
∑
j=1
f jφ j
)
i
+
n
∑
j=1
Ri j f j
)
fie
−φdv
+
∫
Ω
V
n
∑
i, j=1
fi j fiφ je
−φdv
=
∫
∂Ω
V
n
∑
i=1
fiη fie
−φdA−
∫
∂Ω
1
2
Vη |∇ f |
2e−φdA+
∫
Ω
LφV
1
2
|∇ f |2e−φdv
−
∫
Ω
V
n
∑
i=1
((
Lφ f
)
i
+
n
∑
j=1
(
f jiφ j+ f jφ ji
)
+
n
∑
j=1
Ri j f j
)
fie
−φdv+
∫
Ω
V
n
∑
i, j=1
fi j fiφ je
−φdv
=
∫
∂Ω
V
n
∑
i=1
fiη fie
−φdA−
∫
∂Ω
1
2
Vη |∇ f |
2e−φdA+
∫
Ω
LφV
1
2
|∇ f |2e−φdv
∫
∂Ω
VLφ f fηe
−φdA+
∫
Ω
Lφ f
n
∑
i=1
Vi fie
−φdv+
∫
Ω
VLφ f
n
∑
i=1
fiie
−φdv
−
∫
Ω
VLφ f
n
∑
i=1
fiφie
−φdv−
∫
Ω
V
n
∑
i, j=1
(
Ri j+φi j
)
fi f je
−φdv
=
∫
∂Ω
(
V
n
∑
i=1
fiη fi−
1
2
Vη |∇ f |
2−VLφ f fη
)
e−φdA+
∫
Ω
LφV
1
2
|∇ f |2e−φdv
+
∫
Ω
Lφ f
n
∑
i=1
Vi fie
−φdv+
∫
Ω
V
(
Lφ f
)2
e−φdv−
∫
Ω
Ricφ (∇ f ,∇ f )e−φdv. (3.1)
We also infer from the integration by parts that
∫
Ω
V fLφ f e
−φdv=
∫
∂Ω
V f fηe
−φdA−
∫
Ω
(
V |∇ f |2+
n
∑
i=1
fVi fi
)
e−φdv. (3.2)
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Combining (3.1) with (3.2) yields∫
Ω
V
((
Lφ f +Kn f
)2
−|∇2 f +K fg|2
)
dvφ
=
∫
Ω
V
(
(Lφ f )
2−|∇2 f |2
)
e−φdv+(2n−2)K
∫
Ω
V fLφ f e
−φdv
+n(n−1)K2
∫
Ω
V f 2e−φdv−2K
∫
Ω
V f
n
∑
i=1
fiφie
−φdv
=
∫
∂Ω
(
−V
n
∑
i=1
fiη fi+
1
2
Vη |∇ f |
2+VLφ f fη +(2n−2)KV f fη
)
e−φdA
+
∫
Ω
(
−
1
2
LφV |∇ f |
2−Lφ f
n
∑
i=1
Vi fi+VRic
φ (∇ f ,∇ f )
)
e−φdv
−(2n−2)K
∫
Ω
(
V |∇ f |2+
n
∑
i=1
fVi fi
)
e−φdv+n(n−1)K2
∫
Ω
V f 2e−φdv
−2K
∫
Ω
V f
n
∑
i=1
fiφie
−φdv (3.3)
Using the integration by parts again, we have∫
Ω
−Lφ f
n
∑
i=1
Vi fie
−φdv
=
∫
∂Ω
− fη
n
∑
i=1
Vi fie
−φdA+
∫
Ω
(
n
∑
i, j=1
Vi j fi f j+
n
∑
i=1
Vi
(
1
2
|∇ f |2
)
i
)
e−φdv
=
∫
∂Ω
(
− fη
n
∑
i=1
Vi fi+
1
2
|∇ f |2Vη
)
e−φdA+
∫
Ω
(
n
∑
i, j=1
Vi j fi f j−
1
2
LφV |∇ f |
2
)
e−φdv, (3.4)
and ∫
Ω
n
∑
i=1
Vi fi f e
−φdv =
∫
Ω
n
∑
i=1
Vi
(
1
2
f 2
)
i
e−φdv
=
∫
∂Ω
1
2
f 2Vηe
−φdA−
∫
Ω
1
2
f 2LφVe
−φdv. (3.5)
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Taking (3.4) and (3.5) into (3.3), we have∫
Ω
V
((
Lφ f +Kn f
)2
−|∇2 f +K fg|2
)
dvφ
=
∫
∂Ω
(
−V
n
∑
i=1
fiη fi+Vη |∇ f |
2+VLφ f fη +(2n−2)KV f fη − fη
n
∑
i=1
Vi fi
−(n−1)K f 2Vη
)
e−φdA
+
∫
Ω
(
−
1
2
LφV |∇ f |
2−
n
∑
i, j=1
Vi j fi f j−
1
2
LφV |∇ f |
2+VRicφ (∇ f ,∇ f )
)
e−φdv
−(2n−2)K
∫
Ω
(
V |∇ f |2−
1
2
f 2LφV
)
e−φdv+n(n−1)K2
∫
Ω
V f 2e−φdv
−2K
∫
Ω
V f
n
∑
i=1
fiφie
−φdv. (3.6)
Choosing an orthonormal frame {ei}
n
i=1 such that en = ~η on ∂Ω. Note that z = f
∣∣
∂Ω
,u = fη
∣∣
∂Ω
and Hφ = H+ 1
n−1φη , we infer from the Gauss-Weingarten formula that∫
∂Ω
V
(
Lφ f fη −
n
∑
i=1
fiη fi
)
e−φdA
=
∫
∂Ω
V
(
n
∑
i=1
( fii+ fiφi) fη −
n
∑
i=1
fiη fi
)
e−φdA
=
∫
∂Ω
V
(
n−1
∑
i=1
( fii+ fiφi) fν + f
2
η φη −
n−1
∑
i=1
fiη fi
)
e−φdA
=
∫
∂Ω
V
(
uLφ z+(n−1)H
φu2−〈∇u,∇z〉+ II(∇z,∇z)
)
e−φdA (3.7)
and ∫
∂Ω
(
|∇ f |2Vη −
n
∑
i=1
fηVi fi
)
e−φdA
=
∫
∂Ω
(
|∇z|2Vη −u〈∇V,∇z〉
)
e−φdA
=
∫
∂Ω
(
|∇z|2Vη +V 〈∇u,∇z〉+VuLφ z
)
e−φdA. (3.8)
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Then combining (3.7) and (3.8), we have
∫
∂Ω
(
−V
n
∑
i=1
fiη fi+Vη |∇ f |
2+VLφ f fη +(2n−2)KV f fη
− fη
n
∑
i=1
Vi fi− (n−1)K f
2Vη
)
dAφ
=
∫
∂Ω
V
(
2uLφ z+(n−1)H
φu2+ II(∇z,∇z)+(2n−2)Kuz
)
dAφ
+
∫
∂Ω
Vη
(
|∇z|2− (n−1)Kz2
)
dAφ . (3.9)
Substituting (3.9) into (3.7), we have∫
Ω
V
((
Lφ f +Kn f
)2
−|∇2 f +K fg|2+2K f 〈∇ f ,∇φ〉
)
dvφ
=
∫
∂Ω
V
(
2uLφ z+(n−1)H
φu2+ II(∇z,∇z)+(2n−2)Kuz
)
dAφ
+
∫
∂Ω
Vη
(
|∇z|2− (n−1)Kz2
)
dAφ +
∫
Ω
(n−1)
(
KLφV +nK
2V
)
f 2dvφ
+
∫
Ω
(
∇2V −LφVg− (2n−2)KVg+VRic
φ
)
(∇ f ,∇ f )dvφ ,
which completes the proof of Theorem 1.1.
We need the following generalized Pohozave identity of the drifting Laplacian.
Lemma 3.1. Let F ∈ Γ(TΩ) be a Lipschitz vector field. Let u ∈ H2(Ω) with Lφu= 0 in Ω . Then∫
∂Ω
(
∂u
∂~η
·g(F,∇u)−
1
2
|∇u|2g(F,~η)
)
dAφ =
∫
Ω
(
1
2
|∇u|2divφF−g(∇∇uF,∇u)
)
dvφ , (3.10)
where divφ := div−g(·,∇φ) denotes the weighted divergence operator on Ω, and other notations
have the same meaning as before.
Proof. Since Lφu= 0 in Ω, we have
0 =
∫
Ω
Lφu ·g(F,∇u)dvφ =
∫
∂Ω
∂u
∂~η
·g(F,∇u)dAφ −
∫
Ω
g(∇u,∇g(F,∇u))dvφ
=
∫
∂Ω
∂u
∂~η
·g(F,∇u)dAφ −
∫
Ω
g(∇∇uF,∇u)dvφ −
∫
Ω
∇2u(F,∇u)dvφ . (3.11)
By a direct calculation in an orthonormal local frame chosen for the tangent bundle TΩ, one has
∇2u(F,∇u) = ui jFiu j =
(
u jFiu j
)
i
−u jFi,iu j−u jFiu ji
= div(|∇u|2F)−|∇u|2divF−∇2u(F,∇u).
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Then, we infer from the integration by parts that∫
Ω
∇2u(F,∇u)dvφ =
1
2
∫
∂Ω
|∇u|2 ·g(F,~η)dAφ +
1
2
∫
Ω
|∇u|2g(F,∇φ)dvφ −
1
2
∫
Ω
|∇u|2divFdvφ
=
1
2
∫
∂Ω
|∇u|2 ·g(F,~η)dAφ −
1
2
∫
Ω
|∇u|2divφFdvφ . (3.12)
Then (3.10) follows by substituting (3.12) into (3.11) directly.
In order to prove Theorem 1.3, we need to choose a special functionV = ρ− c
2
ρ2 in the Reilly-
type formula, where ρ = dist(·,∂Ω) denotes the distance function to the boundary ∂Ω. Besides,
we also need
Lemma 3.2. ([20, Proposition 10]) Fix a neighborhood U of Cut(∂Ω) in Ω, with Cut(∂Ω) the
cut-locus of points at the boundary ∂Ω. Then for any ε > 0, there exists a smooth nonnegative
function Vε on Ω such that Vε =V on Ω\U and
∇2Vε ≥ (c− ε)g.
Proof of Theorem 1.3. SinceVε |∂Ω =V |∂Ω = 0 and ∇~ηVε |∂Ω =∇~ηV |∂Ω =−1, then takingVε into
the Reilly-type formula (1.8) we have
−
∫
Ω
Vε |∇
2 f |2dvφ =−
∫
∂Ω
|∇z|2dAφ +
∫
Ω
(
∇2Vε −LφVεg+VεRic
φ
)
(∇ f ,∇ f )dvφ . (3.13)
Taking F = ∇Vε into the generalized Pohozaev identity (3.10), we have∫
∂Ω
|∇z|2dAφ =
∫
∂Ω
(
∂ f
∂~η
)2
dAφ +
∫
Ω
(
2∇2Vε −LφVεg
)
(∇ f ,∇ f )dvφ . (3.14)
Combining (3.13) and (3.14) results in∫
∂Ω
(
∂ f
∂~η
)2
dAφ =
∫
Ω
(
−∇2Vε +Vε |∇
2 f |2+VεRic
φ
)
(∇ f ,∇ f )dvφ . (3.15)
Putting the assumptions Sec(Ω)≥ 0, II > cI and ∇2φ ≥ 0 into (3.15), and using Lemma 3.2, we
can obtain ∫
∂Ω
(
∂ f
∂~η
)2
dAφ ≥ (c− ε)
∫
Ω
|∇ f |2dvφ .
Let ε → 0, we have ∫
∂Ω
(
∂ f
∂~η
)2
dAφ ≥ c
∫
Ω
|∇ f |2dvφ . (3.16)
Choosing furthermore f to be an eigenfunction corresponding to σ1(Ω), and then together with
(1.10) and (3.16), it follows that
(σ1(Ω))
2
∫
∂Ω
f 2dAφ =
∫
∂Ω
(
∂ f
∂~η
)2
dAφ ≥ c
∫
Ω
|∇ f |2dvφ = cσ1(Ω)
∫
∂Ω
f 2dAφ ,
which implies that σ1(Ω)≥ c. When σ1(Ω) = c, then by [20, Propositions 15 and 16], (3.15) and
(3.16), we know that ∇2φ = 0 and Ω is isometric to an n-dimensional Euclidean ball of radius 1
c
.
This finishes the proof of Theorem 1.3.
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